Abstract: In spite of being based on drastic simplifications, the Hückel molecular orbital (HMO) quantum-mechanical model provides a reasonably good description of the properties of p-electrons in conjugated molecules. The HMO approach is found to be particularly successful in the case of the total p-electron energy (E), by means of which it is possible to calculate enthalpies of formation and similar thermodynamic characteristics of conjugated compounds. In this paper it is shown that expressions equivalent to E can be deduced within much more accurate quantum mechanical considerations. This might explain why E agrees so well with experimental findings.
INTRODUCTION
In the pioneering days of quantum chemistry (before computers became available), Erich Hückel put forward 1 an approximate method for solving the Schrödin-ger equation of benzene, which was equally suitable for other molecules containing conjugated p-electrons. 2, 3 This approach is nowadays known under the name Hückel molecular orbital (HMO) theory. 4, 5 The basic idea of the HMO theory is to consider only the molecular orbitals of the p-electrons (assuming that the underlying molecule is planar and that the p-and s-orbitals are mutually orthogonal). The one-electron Hamiltonian operator H and the overlap matrix S are approximated by means of the expressions: H = a HMO I + b HMO A and S = I
where I is the unit maxtrix of order n, and A is the adjacency matrix of the corresponding n-vertex molecular graph; [6] [7] [8] recall that n is the number of conjugated centers in the underlying molecule and that the molecular graph may be either sim-ple (in the case of hydrocarbons) or weighted (in the case of heteroconjugated systems). The parameters a HMO and b HMO are called the Coulomb and the resonance integrals, respectively, and are treated as semi-empirical constants. In most applications of the HMO theory, their numerical values are not needed at all, and it is sufficient to know that b HMO is negative-valued.
As an immediate consequence of (1), the HMO molecular orbitals coincide with the eigenvectors of the adjacency matrix A. The corresponding energy levels are: E i = a HMO +b HMO x i ; i = 1, 2, …, n where x 1 , x 2 , …, x n are the eigenvalues of A. Assuming that the i-th molecular orbital is occupied by g i p-electrons, within the HMO model the total p-electron energy is expressed as:
where n e is the number of p-electrons. The non-trivial part of the right-hand side of Eq. (2) is:
which is usually referred to as "total p-electron energy" (expressed in the units of the resonance integral b HMO ). The properties of E have been much studied; for more details on this matter, especially on the structure-dependence of E see the recent review. 9 In formulas (2) and (3), the mutual interaction (repulsion) of the p-electrons is not explicitly taken into account. This fact, together with the crudeness of the basic assumptions of HMO theory, suggests that E p would, in a rather inaccurate manner, reflect molecular stability and that it would be almost hopeless to expect any quantitative relation between E p and experimentally measurable thermodynamic properties.
In reality the situation is considerably different, and this is what is referred to as the "total p-electron energy puzzle".
TOTAL p-ELECTRON ENERGY vs. EXPERIMENT
There are several studies documenting the good agreement of the HMO total p-electron energy and measurable thermodynamic properties of the corresponding conjugated compounds.
Schaad and Hess 10 showed that E is linearly proportional not only to the p-electron energy (via Eq. (2)), but also to the s-electron energy. For a conjugated hydrocarbon with n CH carbon-hydrogen bonds and n CC carbon-carbon bonds, the following expression can be derived for the standard enthalpy of atomization: 11 DH
where E CH = -411.09 kJ/mol, E CC = -325.18 kJ/mol, and b HMO = -137.00 kJ/mol. Heats of atomization computed by means of Eq. (4) are accurate to 0.1 %, implying that E is accurate up to ± 0.005 b HMO -units. In the work 12 the experimental standard gas-phase enthalpies of formation of the twelve C 22 H 14 benzenoid isomers were compared with the results of three different computational methods: the simple HMO theory, the highly parametrized semi-empirical MNDO molecular orbital model, 13 and the advanced MMX/PI version of the molecular mechanics model. 14 The HMO results were far better than those obtained by the MNDO and MMX/PI approaches. The respective correlation coefficients were 0.966 (for HMO), 0.797 (for MNDO), and 0.780 (for MMX/PI).
Estimation of resonance energies is another field in which the HMO total p-electron energies were shown to yield results in perfect agreement with experimental findings. The main work along these lines was done by Hess and Schaad [15] [16] [17] and the details can be found in the recent review. 18 Of the numerous other similar applications the Jiang-Tang-Hoffman 19 and the so-called "topological" resonance energy approaches should be mentioned. 20,21
ON THE RELATIONSHIP BETWEEN HMO AND OTHER QUANTUM CHEMICAL APPROACHES

The Hartree-Fock approximation
The ab initio method is commonly defined as an exact approach based solely on the first principles of quantum mechanics, which is not built on any a priori knowledge of the system considered (except for elementary data involving the number of electrons and the masses and charges of the nuclei). However, its actual application is connected with a number of specific approximations, whose role is to reduce the computational requirements. In contrast to the situation with various "semi-empirical" approaches, these approximations are physically well justified and their effects easily controllable. The non-relativistic and the Born-Oppenheimer approximations play central roles in ab initio computations. 22, 23 For molecules of interest in organic chemistry, both introduce errors of the order of 0.1 kJ/mol, which is much smaller than those caused by other sources. Then, the non-relativistic Hamiltonian for a molecule containing S nuclei and N electrons can be written in the form
where 1 and 2 represent the one-and two-electron operators, respectively:
where the coordinates of the electrons are denoted by Greek, and those of the nuclei by capital Latin letters. Otherwise, the notations in Eqs. (5)- (7) are standard; for details see elsewhere. 22, 23 If the electron Hamiltonian contained only one-electron operator, i.e. if = 1 , then one would have a system of N non-interacting electrons and the electron wave functions of the molecule would have the form:
where y I (x m ) represents a one-electron wave function, spin-orbital, y I , occupied by the m-th electron, with three spatial (r m ) and a spin coordinate (s m = a or b), collectively denoted by x m , and where Â is the (properly normalized) antisymmetrization operator. The Hartree-Fock (HF) of Self Consistent Field (SCF) method 22, 23 represents a realization of the following idea: the approximate electron wave function in the form (8) is assumed and the Hamiltonian (5) is replaced by the sum of operators f m ,
where g m represents the mean potential ("field") which the m-th electron "feels" as a consequence of the presence of the other N-1 electrons. The application of the variational principle to obtain the best wave function of the form (8) leads to the Hartree-Fock equations. The expected value of the Hamiltonian (5) in the state represented by the wave function (8) is:
where
J IJ and K IJ are the Coulomb and exchange integrals, respectively. The standard variational procedure 22, 23 leads to the Hartree-Fock equations:
where is the Fock operator given by:
The first term on the right-hand side of (13) is the one-electron operator (6) . The quantities in the sum are the so-called Coulomb and exchange operators, defined by:
The Hartree-Fock equations (11) look like an eigenvalue problem for the Fock operator , with e I as eigenvalues and the one-electron functions y I playing the role of eigenfunctions. However, since the Fock operator itself is defined in terms of functions y I (I = 1, 2, …, N), each of the Eqs. (12) can be viewed as a "pseudoeigenvalue" problem. Moreover, the equations for I = 1, …, N are mutually coupled. Therefore the system (12) has to be solved iteratively.
Eqs. (12) serve to obtain not only the N one-electron wave functions y 1 , …, y N , but also the Fock operator, which depends on them. After completion of the iterative procedure, and the optimal orbitals are known, the Fock operator achieves its final form and becomes a well defined operator with an infinite number of eigenfunctions. 22 The N one-electron wave functions (spin orbitals) y 1 , …, y K , …, y N , corresponding to the N lowest-lying eigenvalues, are populated by electrons in the ground electron state of the molecule and determine the Slater determinant for this state. The remaining spin orbitals y N+1 , …, y W , … represent virtual one-electron states, involved in the description of excited electron states, but they can also, e.g. in CI computations, contribute to a better description of the ground state.
The properties of the quantities e x are now analyzed. From (12) and (13), one obtains:
X pertains to an occupied or a virtual orbital, but the sum on the right-hand side of Eq. (16) runs only over the occupied one-electron states. For an occupied one-electron state, say X = K, because J KK = K KK :
whereas for virtual states, say X = W:
In the latter case, the term e W includes the kinetic energy of the electron in the state y W , its interaction with the nuclei (h W ) and the Coulomb and exchange interaction with N, instead of with N-1 electrons.
If the system consisted of N mutually independent electrons, the total energy of the ground electron state would be equal to the sum of the N lowest-lying e X -values. However, from Eqs. (17) one obtains:
where E is given by Eq. (10). Thus, the sum of e K is not equal to the total electron energy. The reason is that by summing over e K the electron -electron interaction is accounted for twice: The energy e K includes Coulomb and exchange interactions between the electron in the orbital y K and the electrons in all the other occupied one-electron states (e.g. also in y L ); on the other hand e L includes the Coulomb and exchange interactions between the electron in y L and the electrons in all the other occupied spin orbitals, thus also in y K . Formula (19) can be rewritten as:
where V ee stands for the expectation value of the total electron-electron repulsion energy:
In connection with the problem studied in this paper, it may now be asked if there is any operator whose exact eigenvalues and eigenfunctions are Se K and F, respectively.
It is easy to show that Se K and the Slater determinant F, Eq. (8), are the eigenvalue and the eigenfunction of the operator:
Comparing (22) with the expressions (5) - (7) it can be seen that they differ in the second term: the two-electron operator 2 of the electronic Hamiltonian, Eq. (7), is replaced by a sum of the (effectively one-electron) Coulomb and exchange operators defined by Eqs. (14) and (15) .
For a closed-shell system, standard theoretical considerations 22, 23 yield the Hartree-Fock-Roothaan (HFR) equations: 
are the matrix elements of the Fock operator in the basis of atomic orbitals, and D pq are the elements of the charge density matrix. The symbols h pq , (pq|rs), and (pq|sr) have their usual meanings 22, 23 and pertain to the expectation values for the electron energy in closed shell systems, expressed in terms of the atomic orbitals.
Simplifying the Hartree-Fock approximation
The limitations of the HF approximation make it practically useless if very high ("spectroscopic") accuracy is required, particularly if excited electron states, complex potential surfaces, or intra/inter-molecular interactions are considered. In such cases the HF approach represents only the first step, which has to be followed by other, more sophisticated treatments. However, the goal of the present text is not to show how to improve the accuracy of the results obtained by the HF approach, but just the opposite one-to inquire whether it is possible to achieve a comparable accuracy by employing approaches that require much less human and computer time.
Semi-empirical methods.
The amount of HF calculations scales roughly as the fourth power of the number of basis functions. This arises predominantly from the number of two-electron integrals necessary for constructing the Fock matrix. "Semi-empirical" methods reduce the computational requirements by reducing the number of these integrals; for details see the books. 24, 25 Various semi-empirical methods (such as NNDO, INDO, CNDO, MINDO, MNDO, AM1, PM3, etc.) differ from each other in the classes of integrals neglected, and the kind of parametrization. The price that is paid for limited computational efforts is a relatively low accuracy of the results (the errors in calculating energy differences are typically of several tens of kJ/mol). Another important qualitative difference between the results of ab initio and semi-empirical calculations is the following: In the former case, the computation errors are more or less systematic and, at least partly, cancel out when calculating energy differences (which are actually measured); on the other hand, semi-empirical approaches introduce a number of simplifications justified only numerically but not physically, and thus there is no reason for any cancellation of the errors caused by them.
Approaches have been developed that strictly speaking do not belong to semi-empirical methods. They are aimed at establishing a direct relationship between the total HF electron energy and the sum of the eigenvalues associated with the orbitals involved in the molecular wave function. Some of these are considered in subsection 2.2.3.
The p-electron approximation.
The group of approaches that circumvent the HF approximation includes a number of methods with very different lev-els of sophistication, between the simplest HMO model and the very complex Density Functional Theory. 26 In this subsection, the basic ideas of HMO are compared with those of ab initio methods.
The common point for all approaches handling conjugated molecular systems at a level of sophistication lower than HF is the assumption that it is possible, to a good approximation, to separate the total electron wave function into two parts (a -p), being only loosely coupled to each other. 25 In favor of the s-p separability in conjugated molecules speaks different symmetry of these species. Thus, the total electron wave function for a molecule including N s s-electrons and N p p-electrons (N s + N p = N) has the form:
where F s and F p are the antisymmetrized products (Slater determinants) of the one-electron s and p wave functions (spin-orbitals), respectively, and A' is a partial antisymmetrizer exchanging electrons between F s and F p . In practical computations, the spin-orbitals are replaced by products of spatial orbitals and spin functions, and the former are represented as linear combinations of atomic orbitals, i.e., one employs the same strategy as in the framework of the HF approach. However, it has to be kept in mind that the mutual exclusivity of the s and p subsets of spin orbitals makes it impossible to express the exact molecular electron wave function as a linear combination of F s and F p . The total electron Hamiltonian is assumed in the form:
The first part of the Hamiltonian includes only the s electrons and nuclei, as if the p electrons were absent: 
The second term on the right-hand side of Eq. (26) has the same form as (27) -the only difference is that the summations run over the p electrons. The last term in (26) accounts for repulsion between pairs of s-p pairs of electrons:
The p-electron Hamiltonian is defined sa:
It involves the energy of the isolated p electrons (in the field produced by the nuclei) plus their interactions with s electrons. It is convenient to define the one-electron "core" Hamiltonian by: The p-electron Hamiltonian is then written in the form
The partition of the p-electron Hamiltonian according to the scheme (31) is formally very similar to that of the exact electron Hamiltonian in the one-and two-electron terms, Eqs. (5)- (7). However, there are important differences between the expressions (30)- (31) and (5)- (7). The p-electron Hamiltonian (31) is an effective (i.e. not exact) Hamiltonian that explicitly considers only p electrons, while s electrons, together with the fixed nuclei are only the source of the electrostatic field in which the p electrons move.
Assuming s-p separability, the total electron energy of the molecule considered can be written in the form:
If the s contribution to the total electron energy is assumed not to vary from one electron state to an other, the minimizing of (32) reduces to seeking for the spin-orbitals giving the optimal value for the p-electron energy E p . The corresponding Fock operator has the form:
Expanding the spatial one-electron wave functions in an AO basis and proceeding in the same way as in the case of the Roothaan HF formalism for closed shell systems, the equations analogous to Eqs. (23) and (24), are derived. These can be used to determine the optimal molecular orbitals and, consequently, the electron energy in the framework of the p-electron approximation.
The Hückel method represents the simplest way to solve the electronic Schrödinger equation in the p-electron approximation. Instead of computing the matrix elements of the Fock operator by an iterative procedure, as in the framework of the HFR formalism, one replaces them by empirical parameters, namely, one puts F pp = a HMO , F pq = b HMO for neighboring atoms, and F pq = 0 for all other pairs of atoms. In the crudest approximation one assumes that S pq = d pq . This leads to the expression (1). The secular equation analogous to Eq. (23) reduces then to:
with the above chosen values for F pq . For a molecule with n carbon atoms, one obtains n orbital energies e i and n corresponding molecular orbitals p i . Having found them, the p-electron energy of a closed shell molecule can be computed as:
where the notation to the present problem is adapted by introducing:
the energy of an electron in the i-th p orbital, moving in the field of the nuclei and the s electrons. The integrals J ij and K ij are defined in terms of the p-orbitals. Another expression for the p-electron energy can be obtained by employing Eqs. (33), (35) and (36): 
Thus, one arrives at the conclusion that the p-electron energy is not the sum of the orbital energies e i , in the same sense as the HF electron energy is not the sum of the corresponding one-electron energies. Many authors solve this problem by claiming that the term G in Eq. (37) is nearly constant for all electron states of a given molecule, so that it can be ignored if energy differences are considered. However, even this much more cautious interpretation seems to be quite problematic. 23 
On the relationship between the total electron energy and the sum of the orbital energies.
In the previous text it was shown that the total electron energy is never equal to the sum of the orbital energies, independently of the level of sophistication of the method considered. However, there are several approaches towards overcoming this problem, which will be briefly outlined in this subsection.
The investigation of the relationship between the total electron energy and the sum of the energies associated with the orbitals involved in the molecular wave function has a long history. It has its roots in the semi-empirical rules of Mulliken and Walsh; for details see the book 23 and the review. 27 Politzer 28 derived the approximate expression:
where V en and V nn represent the electron-nucleus and nucleus-nucleus interaction, respectively. This formula was obtained via the electron density formalism and the
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f p virial theorem, 25 using a Thomas-Fermi (TF) type relationship between energy and electron density. Formula (39) was tested on a number of molecules and was found to reproduce almost 99 % of the exact HF energy, provided that instead of the original TF atomic electron density its HF counterpart is employed. The relationship between the total electron energy and the sum of the orbital energies was considered by Ruedenberg. 29 His analysis was concerned primarily with the HF approach for which the total molecular energy at fixed nuclei, E t , is given by the expression following from Eq. (20):
Ruedenberg put aside the corresponding relations in semi-empirical models, such as the Hückel one, claiming that the one-electron nature of such approaches justifies the simple formula:
In this context, some authors advocate relation (41) (at least approximately) also for the HF orbital energies, arguing that the V ee and V nn terms largely cancel each other.
In order to establish a more plausible relationship between E t and Se, Ruedenberg employed the result (41). As a consequence of the virial theorem, it follows that:
where V is the total potential energy of the molecule. Writing V in the form:
it is seen that (43) implies the following relation between the partial potentials:
resulting in:
This means that V ee and V nn are not even approximately equal. Combining the approximate relation (44) with the exact (in the framework of the HF approach), Eq. (40), one obtains the approximate expression:
rather than (41). Reference to standard HF calculations has shown that relation (46) is satisfied to within 2-4 % and that the empirical relation:
is a better approximation than (46).
Eventually, Ruedenberg's idea 29 was justified on the basis of first principles of quantum mechanics by March, 30 who used the machinery of the DFT formalism, showing that Eq. (46) is exact in the framework of the TF model.
CONCLUSION
The contents of the subsections 2.2.2. and 2.2.3. may look very pessimistic; at the first sight it could be concluded that they do not contribute at all to the solution of "the p-electron energy puzzle". It has been shown that the Hückel model suffers from all the diseases that the other quantum chemical methods have, and, moreover, it introduces additional approximations that are avoided in the "more sophisticated" approaches. It should be stressed, however, that the physical/chemical basis of the Hückel model, although very simple, is sensible for the class of molecules it covers. Furthermore, in the framework of the Hückel approach, the parametrization pertains to the Fock matrix elements, and is not done at the integral level as in the majority of semi-empirical approaches. At the point where the parameters involved in the model are replaced by numbers derived from experimental findings, one can expect (or at least hope) that a part of the subtle interactions, not included explicitly in the model, will be effectively incorporated. In this sense, the Hückel model represents a precursor of a family of "effective Hamiltonians", widely used in molecular spectroscopy 31 where they lead to results of rather high accuracy. Bez obzira na to {to je zasnovan na drasti~nim pojednostavqewima, Hikelov molekulsko orbitalni (HMO) kvantnomehani~ki model daje prili~no dobar opis p-elektronskih osobina konjugovanih molekula. Za HMO metodu je na|eno da je posebno uspe{na u slu~aju ukupne p-elektronske energije (E), pomo}u koje je mogu}e izra~una-ti entalpije stvarawa i sli~ne termodinami~ke karakteristike konjugovanih jediwewa. U ovom radu pokazujemo da se do izraza koji su ekvivalentni sa E mo`e do}i i u okviru mnogo egzaktnijih kvantnomehani~kih razmatrawa. Na taj na~in bi se moglo objasniti za{to se E tako dobro sla`e sa eksperimentalno dobivenim rezultatima. (Primqeno 14. novembra 2005) 
